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On complicial homotopy monoids
Ryo Horiuchi
1 Introduction
For a Kan complex K and a vertex v ∈ K, we have the notion of the n-th
homotopy group pin(K, v). This notion has been playing a big role in geometry.
In this paper, for a weak complicial set X in the sense of Verity [3], a vertex
x ∈ X and n ≥ 1, we construct a monoid τn(X, x) which is a generalization of
homotopy group.
A stratified simplicial set is a pair of a simplicial set and a subset of its
simplices. Verity constructed a model structure on the category of stratified
sets, in which bifibrant objects are precisely weak complicial sets, and showed
that any Kan complex can be viewed as a weak complicial set. Therefore it
should be natural to try to generalize the notion of homotopy groups of Kan
complexes to weak complicial sets.
The intuition used in this short article is that, as in a Kan complex every
simplex is “invertible”, in a weak complicial set every thin simplex is “invert-
ible”. We see that we can simply apply to weak complicial sets the analogous
construction of simplicial homotopy group.
2 Complicial construction of homotopy monoids
We basically use the same notations those are used in [3] and construct homo-
topy monoids referring to famous textbooks such as [1] and [2].
Definition 2.1 ([3]Definition 82). Let f, g : A → X be maps of stratified sim-
plicial sets. We write f ∼ g if there exits a map H : ∆[1]t → X such that
A⊛∆[0]
1A×d
1

∼= // A
f

❃❃
❃❃
❃❃
❃❃
A⊛∆[1]t
H // X
A⊛∆[0]
1A×d
0
OO
∼=
// A
g
@@        
commutes.
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We may call this H a (simple) homotopy from f to g. Since our aim is to
construct homotopy monoids, we may need the notion of relative homotopy as
well.
Definition 2.2. Let f, g : A → X be maps of stratified simplicial sets and
B → A an inclusion. Assume that f |B = g|B. We write f ∼B g if f ∼ g with
H : A⊛∆[1]t → X and
A⊛∆[1]t
H // X
B ⊛∆[1]t
?
OO
proj
// B
f |B=g|B
OO
commutes.
Lemma 2.3. The relation ∼ is an equivalence relation for vertices in a weak
complicial set.
Proof. Let X be a weak complicial set. For any vertex x in X we can take the
constant 1-simplex at x that is thin, then ∼ is reflexive.
Assume x ∼ y and y ∼ z with x, y, z are vertices of X . Then we have
thin 1-simplices H from x to y and H ′ from y to z. These give rise to a map
Λ1[2]→ X which lifts to ∆1[2]→ X since X is a weak complicial set. Thus we
obtain a 1-simplex from x to z. As H and H ′ are thin, this is actually a map
from ∆1[2]′. Hence eventually we have a map ∆1[2]′′ → X since X is a weak
complicial set. This map gives a thin 1-simplex from x to z to show that ∼ is
transitive.
Let x ∼ y with a thin 1-simplex H . Then we have a map Λ0[2]→ X which
maps 2-face to H and 1-face to the constant of x. Since X is a weak complicial
set, this map defines a map ∆0[2] → X . Since ∆0[2] = ∆0[2]′ and again X is
a weak complicial set, this lifts to a map ∆0[2]′′ → X to give a thin 1-simplex
from y to x.
This generalizes to higher simplexes due to the cartesian closedness of the
category of stratified sets, which is proven in [3].
Lemma 2.4. For stratified maps A → X with X a weak complicial set, the
relation ∼ is an equivalence relation. Moreover, if B → A is an inclusion of
stratified sets, the relation ∼B is also an equivalence relation for stratified maps
A→ X which coincide each other on B.
Proof. By theorem 75 in [3], the closure map hom(A,X) → hom(B,X) is a
complicial fibration between weak complicial sets. Since vertexes in hom(A,X)
correspond to maps A→ X , the lemma above proves this one.
Then we can define homotopy monoids as follows.
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Definition 2.5. Let X be a weak complicial set, x ∈ X a vertex and n ≥ 1.
Then we define the n-th homotopy monoid τn(X, x) to be the set of equivalence
classes under ∼∂∆[n] of n-simplexes α in X such that
∆[n]
α // X
∂∆[n]
?
OO
// ∆[0]
x
OO
commutes.
We are going to construct a monoid structure on this set. Consider two
n-simplices α and β in X such that α|∂∆[n] = β|∂∆[n] is the constant at x. We
can construct a stratified map Λn[n+ 1] → X such that n− 1-face maps to α,
n+ 1-face maps to β and other faces map to the constant x. Since X is a weak
complicial set, this lifts to a map θ : ∆n[n + 1] → X . In particular we obtain
an n-simplex dn(θ) with dn(θ)|∂∆[n] is the constant at x.
Remark 2.6. Note that the non-degenerate n+1-simplex Id[n+1] in ∆
n[n+1]
is thin. Thus the n+ 1-simplex “between” α and β is thin. For example, when
n = 1, we have the following picture:
x
x
β
//
dn(θ)
??⑧⑧⑧⑧⑧⑧⑧⑧
x,
α
``❆❆❆❆❆❆❆❆
where the n + 1-simplex surrounded by n-simplexes α, β and dn(θ) (and con-
stants) is thin.
Lemma 2.7. With the notation above, the class [dn(θ)] is independent of the
choices of representatives of [α] and [β] and that of θ.
Proof. Suppose α ∼∂∆[n] α
′ with a homotopy H and β ∼∂∆[n] β
′ with a homo-
topy H ′. Then, as we just saw, there are maps θ, θ′ : ∆n[n+ 1]→ X . Then we
construct a map
∆n[n+ 1]⊛ ∂∆[1]t → X
which is θ (resp. θ′) when restricted to ∆n[n+1]⊛0 (resp. ∆n[n+1]⊛1). Also
we construct a map
Λn[n+ 1]⊛∆[1]t → X
using α, α′, H , β, β′ and H ′. More precisely, when restricted to Λn[n+ 1]⊛ 0
(resp. Λn[n+ 1]⊛ 1) this map is the one that n− 1-face maps to α (resp. α′),
n+ 1-face maps to β (resp. β′) and other faces map to the constant x.
These maps give rise to a map
(∆n[n+ 1]⊛ ∂∆[1]t) ∪ (Λ
n[n+ 1]⊛∆[1]t)→ X.
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By lemma 72 in [3], (∆n[n+1]⊛∂∆[1]t)∪(Λ
n[n+1]⊛∆[1]t)→ ∆
n[n+1]⊛∆[1] is
a left anodyne extension. Furthermore, looking at 1-simplices of ∆n[n+1]⊛∆[1]
and those of ∆n[n+1]⊛∆[1]t, we see that ∆
n[n+1]⊛∆[1] = ∆n[n+1]⊛∆[1]t.
Therefore, since X is a weak complicial set, we obtain a map
∆n[n+ 1]⊛∆[1]t → X
to define a homotopy from dn(θ) to dn(θ
′).
Thus we can define multiplication on τn(X, x) by [α][β] = [dn(θ)].
Lemma 2.8. This multiplication is associative.
Proof. Let α, β and γ represent elements in τn(X, x). As above, we obtain
an n + 1-simplex θ by α and β, an n + 1-simplex ψ by dn(θ) and γ, and an
n+ 1-simplex φ by β and γ.
Referring to the remark above, we see that these data give rise to a map
Λn[n + 2] → X such that n − 1-face maps to θ, n + 1-face to ψ, n + 2-face to
φ and other faces to x. Since X is a weak complicial set, this lifts to a map
u : ∆n[n+2]→ X . This shows that our multiplication is associative as follows:
([α][β])[γ] = [dn(θ)][γ]
= [dn(ψ)]
= [dndn(u)]
= [α][dn(φ)]
= [α]([β][γ]),
where we use the simplicial identity at the third “ = ” and use the definition of
our multiplication of [α] and [dn(φ)] at the fourth “ = ”.
Remark 2.9. Since the constant at x defines the unit e, we construct a monoid
structure on τn(X, x). But it is not necessary a group structure. For example
when n = 1 consider the following picture:
x
x
x
>>⑦⑦⑦⑦⑦⑦⑦
x
α
``❅❅❅❅❅❅❅
If α is thin, this picture will be given by a map Λ2[2]→ X , then it will lift to a
map ∆2[2]→ X :
x
x
x
>>⑦⑦⑦⑦⑦⑦⑦
β
// x
α
``❅❅❅❅❅❅❅
This may show that [α][β] = e. However, when α is not thin, we do not find
its right inverse. The dual argument works for the left inverses and a similar
argument works for higher n.
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However again, as [3, Example 16] shows that we can view Kan complexes
as weak complicial sets. More precisely, for a Kan complex A, abusing notation,
we obtain a stratified set A whose underlying simplicial set is A and its thin
simplices are precisely its degenerate simplices. Then its 0-trivialisation th0(A)
is a weak complicial set. In other words, all n-simplexes with n ≥ 1 in th0(A)
are thin.
Corollary 2.10. For a Kan complex A, its vertex a and n ≥ 1, its homotopy
group pin(A, a) and τn(th0(A), a) are the same as group.
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